We revisit the issue of directed motion induced by zero average forces in extended systems driven by ac forces. It has been shown recently that a directed energy current appears if the ac external force, f (t), breaks the symmetry f (t) = −f (t + T /2), T being the period, if topological solitons (kinks) existed in the system. In this work, a collective coordinate approach allows us to identify the mechanism through which the width oscillation drives the kink and its relation with the mathematical symmetry conditions. Furthermore, our theory predicts, and numerical simulations confirm, that the direction of motion depends on the initial phase of the driving, while the system behaves in a ratchet-like fashion if averaging over initial conditions. Finally, the presence of noise overimposed to the ac driving does not destroy the directed motion; on the contrary, it gives rise to an activation process that increases the velocity of the motion. We conjecture that this could be a signature of resonant phenomena at larger noises.
INTRODUCTION
Within the exciting realm of transport phenomena in nonlinear systems, 1 net directed motion induced by zero average forces is a very intriguing phenomenon that is being the subject of much research in the last ten years (see Ref. 2 for a review; see also Ref. 3 for an introductory presentation). The interest on this issue stems from the attempts to understand the way transport takes place inside cells through the so-called molecular motors. 4 Also, nanotechnology has motivated a number of works on this kind of phenomena, in view of its possible applications as current rectifiers. 5 Although the first works on this topic can be dated back to the beginning of the 20th century (see Sec. 1 
.2 in Ref. 2 for an interesting historical recollection), it was Feynman
6 who made the seminal contribution, after which the name ratchet is generally used to refer to this very general problem.
At a first stage, the ratchet phenomenon was studied in a zero-dimensional context, following the schemes proposed in Refs. 7, 8 , in which a point particle was subjected to the action of a periodic, asymmetric potential and a periodic force 7 or, alternatively, the potential was periodically switched on and off. 8 Subsequently, the statistical physics community devoted a great deal of effort to the subject, and very many types of ratchet were proposed and studied (see Refs. 9 for a very short list of examples; see 2 for a very exhaustive bibliography).
The next step in the search for directed motion scenarios was to consider extended systems, focusing specially in soliton-bearing models (or, more generally, systems where nonlinear coherent excitations play a key role for the transport properties). Indeed, the fact that in many situations solitons behave very much like particles 1, 10 led immediately to search for generalizations of the one-degree-of-freedom results to more (even infinite) degrees of freedom. Among the first works in this direction, we could mention Refs. 11, 12, 14, which studied solitons in a noisy environment. Again, much as in the case of point-like ratchets, these proposals stimulated both the statistical mechanics and the nonlinear science communities to look for further examples, not only theoretical, 13 but also experimental and applied. 15 
HOMOGENEOUS EXTENDED RATCHETS
Generally speaking, the appearance of ratchet-like behavior requires two ingredients: departure from thermal equilibrium (either by using correlated stochastic forces or deterministic forces) and breaking of spatial inversion symmetry, 2 as mentioned above. This is actually the setup in the systems studied in the references cited so far and in a majority of other ratchet models. However, it has recently been realized that the use of an asymmetric driving can play the same role as the spatial asymmetry. Such an effect was first proposed for one-particle systems in Ref. 16 (see also Ref. 17) . The analysis presented by Flach and coworkers indicated that a directed energy current appeared if f (t) broke the symmetry f (t) = −f (t + T /2), T being the period of the external driving. It was only natural then to try to verify this phenomenon in extended systems, and so it was done both in the quantum 18 and in the classical cases. 19, 20 In this work, we revisit the example studied by these last authors, namely the ac driven, damped, sine-Gordon equation, given by
In Refs. 19, 20, the previous symmetry considerations were generalized to the extended model (12) . Again, it was found that if f (t) broke the symmetry f (t) = −f (t + T /2), and the total topological charge in the system was nonzero, a directed current should be observed whose direction and magnitude depended on the driving and damping parameters. It is important to realize that the condition on the topological charge implies that at least one kink or one antikink must exist, and that the numbers of both types of nonlinear excitations should differ at least by 1. In the case when there is just one kink (or antikink) in the system, we are faced with an analogy with the point-like ratchet proposed in Ref. 16 . Indeed, as in many other instances, 10 kinks behave basically as point-like particles, and the fact that their presence in the extended system is needed to have directed current reinforces this analogy. However, as we will see immediately, the scenario is not that simple, and in fact the point-like particle picture is not enough to understand the phenomenology.
As their working example, Flach et al. 19 and Salerno and Zolotaryuk 20 considered f (t) ≡ 1 cos(δt) + the absence of damping, net directed motion was possible with single-harmonic forces, and again the phenomenon was very accurately captured by the collective coordinate approach.
In a subsequent work, we applied the same approach to a related system, the so-called φ 4 equation. 22, 23 In this case, we found that, in spite of the fact that for most parameter choices the kink behavior was correctly described by a particle picture, there were anomalous resonances that could only be described by taking into account that φ 4 kinks possess an internal mode, namely an oscillation of the kink shape arising from simple linear stability analysis. To include such an internal mode in the theory, we resorted to an improved collective coordinate approach with two variables, namely the position and the width of the kink, thus recovering the complete agreement with the simulations.
In view of this, it seems natural to think that something similar was taking place when the sine-Gordon system was forced with two harmonics. In the original works, 19, 20 the authors proposed a similar explanation for the failure of their approach. An early attempt to develop a two-variable theory for this problem 24 failed as well, as it could only provide a partial answer indicating that it was indeed necessary that the kink width was a dynamical variable. Furthermore, the correct description of the dynamics and the connection to the symmetry analysis were still lacking. But there was yet another problem in this line of reasoning: that sine-Gordon kinks do not exhibit internal modes, as was shown in Ref. 25 . Nevertheless, such a conundrum might be solved if we realized that, in fact, the sine-Gordon equation we are studying is forced, and it has been shown 26 that external forces can excite phonons (linear radiation waves) that give rise to a total effect similar to that of an internal mode. Thus, it was later shown in the case of the soliton ratchet proposed by Salerno and Quintero (an inhomogeneous sine-Gordon equation, see Ref. 14) that the crucial factor was the interaction of that effective internal mode and the translation mode. Another instance where the possible role of internal modes had been previously highlighted was Ref. 27 , where a two-particle system with an internal degree of freedom was studied, exhibiting ratchet behavior in symmetric potentials. In view of all this, the possibility of trying to incorporate an internal mode in the description of this problem seemed to be an intriguing issue. This we discuss in the next section. Some of the results below were presented in a much more concise form in Ref. 28. 
INCLUDING THE INTERNAL MODE
In the following, we consider again the system proposed in Refs. 19, 20 . In order to generalize their work, we consider a more general form for the ac driving, namely
noting that the original formulation is recovered by setting δ 0 = π/2. Hereafter, we will refer to δ 0 as the initial phase and to θ as the relative phase.
Our collective coordinate theory is based on an Ansatz, proposed in Ref. 29 , for the perturbed kink depending on two variables, X(t) and l(t) (position and width of the kink). It is not difficult to show 22, 25, 29 that the dynamics of these two collective coordinates is given by
where the momentum
is the so-called Rice frequency, and M 0 = 8, q = 2π and l 0 = 1 are, respectively, the dimensionless kink mass, topological charge and unperturbed width. Equation (3) can be solved exactly, and in the large time limit (t β −1 ) yields 
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where is merely a rescaling parameter in the perturbation expansion, to be determined later;
, and
Let us recall that directed motion from ac driving was possible already for a single harmonic in the undamped sine-Gordon system, 21 but was suppressed by damping. Therefore, the interesting issue is to find net directed motion from ac driving in the presence of damping, i.e., β = 0. In that case, Eq. (4) cannot be solved, 22, 25 and therefore we will study it by a perturbative expansion,
At order O( ), we obtain from Eq. (6)
If we now substitute the expression of P (t) into (8), we find
where
. By inspection, we conclude from Eq. (9) that l 1 (t) contains harmonics of frequencies 2δ, 2mδ and (m ± 1)δ. This is a very important conclusion and we will come back to it below.
After transients elapse, we find
A cumbersome but otherwise trivial calculation yields the harmonics contained in l 2 (t), collected in Table 1 . The next step is to obtain the velocity averaged over one period of the driving. To this end, we use the definition of the momentum, namely
and find that, for our collective coordinate Ansatz,
Considering the expansion (7), this expression can be written as
At O( 0 ), the averages P (t) and Ẋ 0 (t) vanish trivially; therefore, net kink motion can only arise in next order. By straightforward calculations from Eqs. (10) and (12) we find for m = 2 that, for large enough times,
It is now clear that, for Eq. (14) to be valid, and our perturbative expansion (7) to hold, as has to be small, the prefactor on the right-hand side of (14) has to be much smaller than 1, which establishes a priori the range of applicability of our theory (although generally speaking collective coordinate theories usually apply for larger perturbations than predicted 10 ). This is the final result of the collective coordinate approach. We now proceed to discuss the predictions we can deduce from this expressions and to verify the results by comparing to numerical simulations.
DISCUSSION
To begin with, the result obtained in Eq. (14) predicts that for m = 2 kinks should travel with a non-zero velocity, in agreement with the reports in Refs. 19, 20. If we fix δ 0 = π/2, the case studied by those authors, we find a sinusoidal dependence on the relative phase θ exactly as reported in those previous works. At some specific values of this relative phase, the velocity vanishes, meaning that parameters can be chosen as to move in any desired direction or to keep the kink oscillating around some point.
Secondly, the expression (14) has more implications. Indeed, it can be seen that the velocity has an additional sinusoidal dependence on the initial phase, δ 0 . This is a new result, not discussed by Flach et al. and Salerno and Zolotaryuk, that shows that relative and initial phase play exchangeable roles. That can be immediately seen by a change of variables in the original sine-Gordon equation (1): taking δ 0 to be δt 0 , we find that changing the time variable in the fashion t = t + t 0 leads to the conclusion that an initial phase δ 0 is equivalent to a relative phase θ = θ − (m − 1)δ 0 for a kink displaced from x 0 to x 0 + V t 0 .
Before proceeding any further, it is important to check the validity of the two conclusions we have just presented. After all, our collective coordinate theory is basically a variational approach, and in addition we have also treated perturbatively the resulting equations. Therefore, numerical simulations of the full sine-Gordon equation (1) are needed to verify the predictions of the calculations in the previous section. To this end, we carried out such simulations (see Ref. 28 for details on the numerical procedure) and the outcome is plotted in Fig. 1 . We see that the agreement between theory and simulation is perfect, and there indeed is the double dependence on both the initial and the relative phase as found in Eq. (14) . This fully confirms our approach and even our predictions in a quantitative manner.
At this point, it is interesting to consider the following issue, which arises if we want to consider our model as a ratchet: Looking at the sinusoidal dependence on the initial phase, it may be concluded that the system is not a ratchet because an average over any possible initial phase would in principle lead to zero mean velocity. However, this is not the case: Recall that, as mentioned in the previous paragraph, changing the initial phase implies changing the relative phase as well. Then we can see, by inspecting Eq. (14) , that the kink velocity depends on the difference δ 0 − θ, which is the same for all choices of δ 0 . Hence, the kink velocity is the same for all δ 0 , and averaging does not suppress the ratchet effect. (14) is that the velocity is zero and therefore that there is no net directed motion of the kink, as observed in those previous papers. To be sure, we have observed that if the driving force is strong enough (not for any driving value, as in the ratchet effect) directed motion is observed (as has been reported in 20 ), but the system is so largely distorted that one cannot conclude that the kink is moving as a coherent entity (it looks as though the motion is driven by the kink wings), and therefore that is an altogether different question.
Why is net directed motion suppressed for m = 3? The explanation of this rule is transparent from Table  1 and constitutes the most relevant success of our approach. For m = 3, the frequencies of the ac force (or the momentum) are odd harmonics of δ, whereas the width of the kink (governed by the internal mode) oscillates only with even harmonics. Figure 2 shows clearly and with very high accuracy that the simulations behave exactly as predicted by the collective coordinate equations. Note that in Fig. 2 we plot results obtained for m = 4 as well, a situation in which we recover the ratchet effect and the kink moves towards a preferred direction for any value of the ac driving.
This remark directs us to both the mechanism responsible for the appearance of directed motion and the statement of a selection rule based on it. The mechanism is the coupling between the translation of the kink and the internal mode. This is reflected in Eqs. (3) and (4), which show that the ac driving f (t) acts on the kink width through P 2 (t), whereas P (t) itself is in turn inversely proportional to l(t). This coupling is the responsible for the net kink motion, but for it to be actually possible, the harmonic content of the effective force P 2 (t) acting on the width degree of freedom must be able to resonate with it. This is evident from Eq. (12), in which the integral is nonzero only if l(t) contains at least one of the harmonics of P (t). It is important to realize that this condition is much more restrictive than that found in Ref. 24 , where only the necessity of l(t) being a dynamic variable was pointed out, but no conditions on its frequency content or any other feature were obtained. We have just seen that this is indeed necessary, but that additional, crucial resonance conditions have to be fulfilled. 
EFFECTS OF NOISE
As a final step to set our results on firm grounds, we studied the robustness of the kink directed motion against noisy perturbations (much in the same way as in Ref. 20) . To this end, we considered the Langevin equation
where ξ(x, t) is a gaussian white noise of zero mean and correlations ξ(x, t)ξ(x , t ) = Dδ(x − x )δ(t − t ). In this case, the equation was studied only by numerical simulations, which were carried out using a Heun scheme.
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While one could in principle think that this noise would suppress the initial phase dependence, Fig. 3 shows that the opposite is the case: the noise enhances the dependence on the initial phase, increasing the maximum values of the velocity while keeping the same general sinusoidal dependence and the location of the zeros. It is tempting to conclude from this plot that the noise, at least if it is not very large, assists the process of energy transfer between the width and the translation degrees of freedom, activating it.
Having verified, as intended, that the ratchet effect is robust to the effects of noise, we find it interesting to look any further on this activation phenomenon in its own right. Therefore, we looked at one particular point in Fig. (3) where the velocity was larger (in absolute value) and performed numerical simulations varying only the noise intensity, leaving all other parameters unchanged. The results are summarized in Fig. 4 . The first conclusion we can draw from this plot is that the noise has indeed a nontrivial activation effect on the kink motion. As can be seen, the velocity exhibits an increasing trend with the noise intensity, although the dependence is rather noisy. To verify the trend we have made two linear fits to the two sets of simulation data, finding comparable slope values of 0.053 and 0.060. Upon increasing the noise further, we found that kinkantikink pairs were spontaneously generated in the system, which eventually collide with the original one and render the simulation useless (from the viewpoint of measuring the kink velocity). However, it is clear that if we were able to study even larger values of the noise, the velocity has to decrease as diffusion becomes the dominant process, effectively suppressing the ac driving effects. In that case, asymptotically, the velocity must go to zero as noise increases, and we would be observing a manifestation of a phenomenon of much interest during the last decade, namely stochastic resonance. Stochastic resonance was (very much like ratchets) first found in point-like systems, 31 but it has been generalized to extended systems in the last few years (see, e.g., Ref. 32) . In this respect, it is interesting to recall Ref. 33 , where thermal resonances as a function of temperature were observed, to our knowledge for the first time. By comparing the system in that previous work with the present one, we believe that we can indeed expect the appearance of resonant phenomena. We thus plan to carry out further simulations with different parameters, in particular, with larger damping, in order to suppress the nucleation of kink-antikink pairs and be able to observe the dynamics of a single kink for larger noises. Analytical calculations will also be desirable to ascertain the nature of this activation process. In any event, what we have established is that net directed motion can be observed even for moderate and large noise intensities, which shows that the mechanism proposed here is extraordinarily robust. Work along these lines is in progress.
CONCLUSIONS
Regarding the deterministic part, the main conclusion of this work is the understanding of the condition for the appearance of net directed motion in an ac driven, damped sine-Gordon system. Our collective coordinate theory, thoroughly confirmed by the numerical simulations of the full partial differential equation, has allowed us to show that the motion arises from the coupling of the internal mode (effectively arising from odd phonon contributions) to the translation of the kink. As a byproduct, we have found the physical reasons for the symmetry requirements first proposed in Refs. 19, 20 for the existence of this ratchet-like phenomenon. Indeed, to make net motion possible, the indirect forcing arising from the internal mode influence has to resonate with the available frequencies for the width of the kink itself. Interestingly, while this phenomenon should be expected in any other soliton-bearing model with solitons possessing an internal mode (e.g., the φ 4 model), for the sineGordon equation it is an apparent puzzle due to its lack of internal modes. 25 However, as explained above, (odd) phonons have been shown to give rise to width oscillations very similar to those induced by an internal mode. 26 We believe that what we are seeing is precisely the result of the action of those phonons, summarized in our approach through the width variable l(t). This conclusion reinforces, in turn, the interpretation of Quintero and Kevrekidis, 26 which will probably be useful in other instances of sine-Gordon problems where kink oscillations play a role. Our analytical calculations have also clarified the influence of the relative phase and the initial phase, establishing their equivalence. In this respect, we should stress the fact that the dependence of the kink velocity on the initial phase does not suppress the ratchet effect, due precisely to this relationship with the relative phase and the result that the velocity is unchanged when changing the initial phase.
With respect to the effects of noise, the conclusions are not that definite. We have certainly established the robustness of the ratchet effect under the influence of noise, even for rather large noise values. In addition, we have verified that for moderate noises, the velocity of the directed motion increases with noise intensity, up to the point in which thermally generated kink-antikink pairs do not allow us to follow a single kink. The existence of this activation process along with the fact that diffusion must dominated at larger noises have led us to conjecture that the system could exhibit some form of stochastic resonance. In order to confirm this interpretation, much more numerical and analytical work is needed. Apparently, the motion takes place through the same mechanism, so the two collective coordinate equations are likely to provide a good starting point to understand the phenomenon. However, it is also known that the diffusion of sine-Gordon solitons is controlled by a diffusion constant which depends both linearly and quadratically on the noise intensity in the full partial differential equation.
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This is another factor that could be playing a role in the observed nonmonotonous dependence of the velocity on the noise. It is then clear that the problem is still far from understood and that we cannot offer a final conclusion about it at this stage.
From a more applied point of view, this work may have important consequences for applications as a way of separating, e.g., fluxons in long Josephson junctions.
15 Interestingly, such superconducting devices (and related ones, see e.g. Ref.
3 and references therein) provide the best possible laboratory to verify our results. This experimental confirmation is crucial in order to ascertain their applicability. Given the accuracy with which the sG equation describes long Josephson junctions, and the fact that an external force like the one proposed in this and earlier works 19, 20 is easy to implement, we hope that the corresponding measurements will soon be carried out. As a bonus, the possible existence of stochastic resonance would then be easier to explore experimentally. Finally, the applicability of this internal mode mechanism may have other, far-reaching implications in very different kinds of systems. Indeed, the original motivation of this work is the modelling of molecular motors such as kinesin. It is well known now that kinesin "walks" along microtubules by simultaneously changing its shape (see Ref. 35 and references therein) to allow one "head" to overcome the other. The internal mode mechanism proposed here is clearly reminiscent of the (obviously much more complicated) way kinesin moves. As another example, we want to mention the recent experiments on kink-induced transport in granular media by Moon et al., 36 in which it has been observed directed motion of kinks separating convection rolls when the system is under the influence of two harmonic drivings similar to those considered here. While the direct comparison of our simple model with these phenomena is out of the question, we do believe that the paradigm of coupling to internal modes could help understand the experiments from a more mesoscopic viewpoint.
